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Abstract. We discuss the boundedness of Berezin-Toeplitz operators 
on a generalized Segal-Bargmann space (Fock space) over the complex 
n-space. This space is characterized by the image of a global Bargmann- 
type transform introduced by Sjostrand. We also obtain the deformation 
estimates of the composition of Berezin-Toeplitz operators whose sym- 
bols and their derivatives up to order three are in the Wiener algebra 
of Sjostrand. Our method of proofs is based on the pseudodifferen- 
tial calculus and the heat flow determined by the phase function of the 
Bargmann transform. 



1. Introduction 

We study the boundedness and the deformation estimates of Berezin- 
Toeplitz operators on a generalized Segal-Bargmann space (Fock space) in- 
troduced by Sjostrand in [15] . This space is a reproducing kernel Hilbert 
space of square-integrable holomorphic functions on the complex n-space, 
and is characterized by the image of a global Bargmann-type transform. 
We begin with a review of Sjostrand's "linear" theory in [15] to intro- 
duce the setting of the present paper. Let 4>(X, Y) be a quadratic form 
of (X, Y) £ C n x C n of the form 

4>{X, Y) = ± (X, AX) + (X, BY) + 1 (Y, CY) , 

where A, B and C are complex nxn matrices, t A = A, t C = C and 
(X,Y) = X X Y X + ■■■ + X n Y n for X = (X u ... , X n ) and Y = (Y u . . . ,Y n ). 
Set i = v 73 !, C R = (C + C)/2 and Cj = (C- C)/2i. We denote by I n the 
nxn identity matrix. Assume that 

(1) det 4>" XY = det B ^ 0, 

(2) Im (P' YY = d > 0. 

We remark that det C = det d det{CJ 1/2 C R CJ 1/2 +U n ) + since CJ 1/2 C R CJ 1/2 
is a real symmetric matrix. Let h £ (0, 1] be a semiclassical parameter, and 
let o5^(M n ) be the Schwartz class on R n . A global Bargmann-type transfor- 
mation of u £ r y(M. n ) is defined by 

Tu(X) = C^h- 3n / 4 [ e^ (x ' y)/h u(y)dy, 
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where is a normalizing constant as 

= 2- n / 2 vr- 3 "/ 4 |det J B|(detC / )- 1/4 . 
The assumption ([2]) guarantees the existence of a function 
$(X) = max{- Im <f>(X, y)} 



= ^(Im( t BX),Cy 1 lm( t BX)) -hm(X,AX) 

= (X,$ xx X)+Re{X,$ xx X), 

BCT U B ., BCT U B A 
*xx = ^—>°> ^ = \ Tf 



We denote the Lebesgue measure on C n by L. Set \X\ = \J (X, X) for X G 
C n . Let L| be the set of all square- integrable functions on C n with respect 
to e~ 2 ®( x ^ h L(dX), and let H$ be the set of all holomorphic functions in 
L%. We remark that 

Re{icp(X, y)} = $(X) - l -\C) /2 {y + Cj l Im('£X))| 2 . 

The Bargmann transform T is well-defined for any tempered distribution 
u G y'(R n ). Moreover Tu satisfies e-^ x ^ h Tu{X) G ^'(C n ), and is holo- 
morphic on C™. In particular, T gives a Hilbert space isomorphism of L 2 (R n ) 
onto H$, where L 2 (R n ) is the set of all Lebesgue square-integrable functions 
on R n . We here remark that e -^ x ^ h T(y(R n )) C J^(C n ), and T(y(R n )) is 
densely embedded in H$ and T(y'(R n )) respectively since y{R n ) is densely 
embedded in L 2 {R n ) and y'(R n ) respectively. The Bar gmann transform T 
is interpreted as a Fourier integral operator associated with a linear canon- 
ical transform 

K T :C"xC n 3 (Y,-(f>' Y {X,Y)) ^ {X,<P' X (X,Y)) G C n x <C n , 
KT ( X; £) = (-tB^iCx + £), 5x - A t B~ 1 (Cx + 0). 

If we set 

A * = {( A ''IH^>) | X6C "}< 

then A$ = KT(lR 2n ). This means that the singularities of u G y'(R n ) 
described in the phase space R 2n are translated into those of Tu described 
in the Lagrangian submanifold A$. 

Let *&(X, Y) be a holomorphic quadratic function on C n x C n defined by 
the critical value of -{<f>(X, Z) - <j)(Y,Z)}/2i for Z G C n , that is, 

1 ,„ „, 1 



= {x^" xx y) + -(x,^ x x) + -(y,^ x y). 

Note that ^(X, X) = &(X). TT* is an orthogonal projector of L\ onto H§, 
and given by 

(3) TT*u{X) = ^* / ^^-^/VY)^), 

ft-™ ic" 

= 0^ det($^) = (2vr)~ n |det J B| 2 (detC / )" 1 . 
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Here we state the definition of Berezin-Toeplitz operators on H$. If we 
set R = CJ 1/2t B/2, then R*R = §\ x . Let & be a class of symbols defined 
by 



& = I b{X) 



I e- 2WX - Y) f /h \b(Y)\ 2 L(dY) < oo for any IeC" 



A Berezin-Toeplitz operator associated with a symbol b £ 3? is defined 
by Ti,u = TT*(bu) for u£H$. Since 

Re{2*(X, Y) - 2$(Y)} = - $(Y) - \R(X - Y)\ 2 , 

e -®( x )/ h T bU (X) takes a finite value for each X £ C n provided that it€-L|, 
and b £ 2F . Historically, Berezin introduced this type of operators acting 
on a class of holomorphic functions over some complex spaces or manifolds, 
and established the foundation of geometric quantization in his celebrated 
paper jTJ. Properties of such operators and related problems on the usual 
Segal-Bargmann space have been investigated in several papers. See [2], [3], 
[H]) [!], 0) |17j and references therein. 
Here we give two examples of H$. 

Example 1: If <f>(X,Y) = i(3(X 2 /2 - 2XY + Y 2 ), j3 > and XY = 
{X, Y) , then H§ is the usual Segal-Bargmann space (the Fock space) , 
and 

9(X, Y) = ^XY, k t (x, = (x- ^ -i/3 (x + ^ 

It is remarkable that $(X) = (3\X\ 2 /2 is strictly convex and <&'xx = 
in this case. The strict convexity justifies the change of quantiza- 
tion parameter. See [151 Proposition 1.3]. These facts are effectively 
used in the analysis on the usual Segal-Bargmann space. See e.g., 
[8] for the detail. 

Example 2: If we set <f>(X,Y) = i(X - Y) 2 /2, then T is the heat 
kernel transform, and 

*(X,Y) = - {X ~ 8 Y)2 , <D(X) = ^^, KT(x,0 = (x-i^O. 

In this case, the global FBI transform e~^^ x ^ h T and the space H$ 
are used as strong tools for microlocal and semiclassical analysis of 
linear differential operators on W 1 . See |12j for the detail. 

The purpose of the present paper is to study the boundedness and the de- 
formation estimates of Berezin-Toeplitz operators on the generalized Segal- 
Bargmann space H$. To state our results, we introduce notation and review 
pseudodifferential calculus on H$ developed in [T5] . 

We denote by ££{H<§) the set of all bounded linear operators of H$ to 
and set 

for a,beC\C n ). Pick up x £ y(C n ) such that J CnX (X)L(dX) / 0. 
Sjostrand's Wiener algebra 5w(C n ) is the set of all tempered distributions 
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on C n satisfying 

(4) U(C;b) = sup \<?[ut zX }(0\ G ^(C?), 

zee™ 

where & is the usual (not semiclassical) Fourier transform on C" ~ M. 2n , 
tzx(X) = x(X — Z), and L 1 (C n ) is the set of all Lebesgue integrable func- 
tions on C n . Set ||6|| Sw = \\U{-,b)\\ L i (C ny We also denote by L°°(C n ) the 
set of all essentially bounded functions on C™. The definition of Sw(C n ) 
is independent of the choice of X , an d <Sw(C n ) is invariant under linear 
transforms on C n . It is remarkable that 

^ 2n+1 (C n ) c 5 w (C n ) c ^°(C n ), 

and the Weyl quantization of any element of Sw is a bounded linear operator. 
Set N = {0, 1, 2, ... } for short. & k (C n ), A; £ No is the set of all bounded 
C fc -functions on C n whose derivatives of any order up to k are also bounded 
on C n . 

Next we introduce the Weyl quantization on H$. For fixed X S C n , set 



r(x) = i(Y,e) 



i oX 



and a volume of T{X) is defined by dQ = dY\ A • • • A dY n A d0\ A • • • A d6 n . 
For u£H$, the reproducing formula u = TT*u has another expression 

( 5 , u[x) ^J^-m /W . 

The right hand sides of ([3]) and ([5]) coincide to each other via the change 
of variables called the Kuranishi trick. The Weyl quantization of a symbol 
a(X,6)£S w (A^) = (n^ySwiR 271 ) is defined by 

for ueT(y{R n )). Op^ (a)u is holomorphic in C n since 

9 :e i(x- Y ,e)/h a ( ?L+Zn\ = JL e i(x-Y,e)/h a I r 



<9X V 2 / <9 y 

in the sense of distribution. The Weyl quantization of a o is defined by 

OpW( a o « T )„(x) = ^-L^ e^~y^ h a o « (^±1, ^ u(y)« 

for u G y(R"). It is remarkable that Op^(5w(A<j))) is extended on and 
a subalgebra of =5f (H$), and the exact Egorov theorem 

(6) OpW( G )oT = roOpW(ao KT ) 

holds for aG5\v(A$). Moreover, Guillemin discovered in [9] that TJ, = 
Opf (fe' 1/2 ) for b{X) = b(X,X), where 

b' 1/2 (X, 6) = b 1/2 (x, fe)- 1 (±0 - ^ x x) ) , 

and {bt}t^o is the heat flow of b defined by 
b t (X) = e thA b(X) 
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C<j> 



f e -m(x-Y)\yth b{Y)L{dY ^ 



A 



(*5 



XXi 



dX 



1 / a 

2 

6j makes sense for 6 G ^ and i G (0>2). We use only t G [0,1] as a 
quantization parameter. b\ is said to be the Berezin symbol of a Berezin- 
Toeplitz operator T b . These facts show that pseudodifferential calculus (See 
e.g., [TO], [12] and [TO]) and the heat flow determined by the phase function 
play essential roles in the analysis of Berezin- Toeplitz operators. 
Here we state our results. 

Theorem 1. Suppose that b G 2f . We have 

(i) Iff b G &{H$), then for any t G (1/2, 1], 

(7\ wh ii < 

(ii) Ifb t eL°°(C n ) /or some t G [0, 1/2), t/ien T b G JSf(IT*). 

(hi) Suppose that b G J"(C n ) in addition. Set b x {X) = e iKc( - X '^b{X) for 
A G C n . Iften, 6 1/2 G^iy(C n ) »/ and on/y i/ 

(8) IK&^OIUoo^e-^- 1 *! 2 / 
In this case, T b G Ji?(H$). 



Theorem 2. Suppose that d^d^a^d^d^b G SV(C n ) /or any multi-indices 
satisfying \a + f3\ ^ 3. Then, there exists a positive constant Cq which is 
independent of a, b and h, such that 



T n . o T h 



Tab + g^Q(a,6) 



[T a ,T b ] - — T{ a 6 } 



^C h 2 \\dxd x a\\s w £ H^^IUir- 

|a+/3|^3 |/i+f|<3 

Here we explain the known results and the detail of our results. Theo- 
rem HJ-(i) is a refinement and a generalization of the results of Berger and 
Coburnin [3J. They proved that ||^||l°c(C") ^ C(*)ll^i>ll.sf(// S ) f° r * £ (1/2,1] 
with some function C(t) in case that H§ is the usual Segal-Bargmann space. 
For a general H$, we need some ideas to avoid difficulties coming from 
&xx ^ 0- Theorem HJ-(ii) is obvious by the L 2 -boundedness theorem of 
pseudodifferential operators of order zero with smooth symbols. The con- 
dition ([8]) is a special form of the condition for which bi/2^Sy/(C n ). This 
is given by a special choice of a Schwartz function \ appearing in the def- 
inition of £\y(C n ). Theorem Q]-(iii) seems to extend the known results by 
Berger and Coburn in [3j Theorem 13], that is, if b ^ and 6iGL 0O (C ri ), 
then f b G JSf(ff#). 

Theorem [5] reminds us of the recent interesting results of Lerner and 
Morimoto in [llj on the Fefferman-Phong inequality. Coburn proved in [5] 
the deformation estimates on the usual Segal-Bargmann space under the 
assumption 

a, b G the set of all trigonometric polynomials + C , Q Tl+6 (C n ), 
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where CQ n+6 (C n ) is the set of all compactly supported C 2n+6 -functions on 
C ra . Roughly speaking, Theorem [2] asserts that the deformation estimates 
hold for a,b G ^ 2n+4 (C n ). The relationship between Berezin-Toeplitz oper- 
ators and Weyl pseudo differential operators on H§ gives a formal identity 

f a of b = f c , c = e- hA / 2 (a' 1/2 #b' 1/2 ), 

where # is the product of 5\v(A$) in the sense of the Weyl calculus intro- 
duced later. Unfortunately, however, the backward heat kernel e~ hA l 2 can 
act only on a class of real-analytic symbols, and it is very hard to obtain 
the symbol c. We apply the forward heat kernel e thA to the construction of 
the asymptotic expansion of the backward heat kernel 

e- hA / 2 = l--A + 0(h 2 ), 

and give an elementary proof of Theorem [2] 

The organization of the present paper is as follows. In Section [2] we prove 
(i) and (iii) of Theorem [TJ In Section [3] we prove Theorem EJ 

2. BOUNDEDNESS OF BEREZIN-TOEPLITZ OPERATORS 

In this section we prove (i) and (iii) of Theorem [U On one hand, to prove 
(i), we express the boundedness of in terms of a complete orthonormal 
system of H$. We introduce a trace class operator defined by TJ, and the 
complete orthonornal system, and take its trace which becomes bt(X) for 
any fixed X G C n . This idea is basically due to Berger and Coburn in [3j. 
In our case, however, is not supposed to be strictly convex, nor ^xx 

is not supposed to vanish. We need to be careful about these obstructions. 
On the other hand, the proof of (iii) is a simple computation. We choose a 
Schwartz function \ as a heat kernel at the time t = 1/2. 

Here we give two lemmas used in the proof of (i). For u, v£H$, the inner 
product (•,•}#$ is defined by 

(u,v) H9 = f u(X)^{X)e- 2 ^ x y h L(dX), 



which is the restriction of (•, on H§. Set 

{II ~\^ 2 
^iJ^ {RXTe {x^ x x)/h 
h n a\h\ a \ J 

for a multi- index a G Ng. The first lemma is concerned with a complete 
orthonormal system of which is naturally generated by the Taylor ex- 
pansion of the reproducing kernel e 2 ^( x,Y '' h . 

Lemma 3. {u a } a £^ is a complete orthonormal system of H§. 

In case that H§ is the usual Segal-Bargmann space, the proof of Lemma[3] 
is given in [HI page 40, (1.63) Theorem]. In this case, {T*u a } a£ N™ is said to 
be the family of Hermite functions. The general case can be proved in the 
same way, and we here omit the proof of Lemma [3j 

Next lemma is concerned with the family of Weyl operators, which is a 
family of unitary operators on and acts on symbols of Berezin-Toeplitz 
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operators as a group of shifts on C n . The family of Weyl operators {Wx}xeC n 
on H§ is defined by 

W x u(X) = e [M*,A)-<p(A,A)]/ft u (x _ A), 

where 

We remark that <p(X, A) is holomorphic in X, and if u is holomorphic, then 
Wah is also. Properties of Weyl operators are the following. 

Lemma 4. We have 

(i) W{ = W-x on H*. 

(ii) W^oWx = 1 onH*. 

(iii) W{ o f b oW x = f b( . +x) on H^forbe^. 
Proof. A direct computation shows that 

(9) 

2ip(X + A, A) - <p(X, A) - 2$(X + A) = -2ip(X + A, A) + <p(X, A) - 2$(X) 



(10) = 2<p(X,-X)- V (-X,-X)-2^(X). 

Let u, vEH$. Using a translation Ih>I + A and (I10p . we deduce 

<W A U,^ = / e [2 V (Jf.A)- V (A,A)-2*(X)]/fc u(x _ A )^X) L(dX ) 

Vc n 

= f e [2 V (X + X,X)- V (X,X)-2^X+^]/h u{X)v{X + X )L{dX) 

Jc n 

= f e [2^X^)-^X^)-2HX)]/h u{x)v{x + X)L{dX) 

ic n 

= (u,W-\v)h*, 

which shows that W£ = W- X . 

W^oW\ = I is also proved by a direct computation 

W x oW x u(X) = W- X oW x u 

,lMx,-\W-\,-\))/h( Wxu) ( X + A) 

-2,p(X,\)- V (\,\)]/h( WxU ^ x + A ) 
,[-2 V (X^)- v (XA)+2 V (X+XM- V (X,X)]s X j = u r x s 

since ip{X + A, A) = <p(X, A) + tp(X, A). 

TT* is self-adjoint on L| and TT*W x v = W x v for Using this and 

(HJ), we deduce 

(Wx*of b oW x u,v) H<s> 

=(T b °Wxu,Wxv)Hz 

=(TT*(bW x u),W x v) H ^ 

=(bW x u,W x v) Ll 



h r x y{2<p(X,X)+2<p(X,X)-<p{X,X)-<p(X,X)-2$(X)]/h 



x u(X - X)v(X - X)L(dX) 
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f b{X + \)e 



[2(p(X+X,X)+2<p(X+X,X)-ip(X,X)-ip(X,X)-2<b(X+X)]/h 



x u(X)v(X)L(dX) 
= f b(X + \)e~ 2 ^ x ^ h u{X)^{X)L{dX) 
={Tb(- + x)U,v) H ^, 

which proves W% o T b oW\ = T b (. + x). □ 
Here we prove Theorem [U-(i). 

Proof of Theorem^-(i) . Suppose T b G Jj?(H$), and set M = \\T b \\^^ Hij> ) for 

short. Lemma H] shows that T b ^. +X ) G Jf(H$) and M = \\T b (.+x)\\jf(H^) 
for any X G C™. In terms of the complete orthonormal system given in 
LemmaEl T b G J??(H§) implies that | (T b u a , up)^ | ^ M for any a, (3 G Nq- 
Since $(F) = |i?y| 2 + Re(Y, <S> XX Y), we deduce that for any X G C n 

=(TT*(b(- + X)u a ), U/3 )Hz 
= (b(- + X)u a ,Uj3) L 2 



Hw) L b a {x+Y) 

^) i/2 ^r{© i/v [ fl " 2iRxi2/ ^ (dy) - 



In particular, if we take a = (3 and sum it up for \a\ = k, then we have 

\a\=k 

Fix(i,X) G (1/2, l]xC™. When /c = 0, (dU) shows that (T b( . +x) M ,"o)H $ = 
and | (T il (. + x)'Uo, uo)h <s> | ^ M implies that ||&i||L°°(c n ) ^ M, which is 
(J?} at t = 1. We consider (f, X) G (1/2, 1) x C" below, and set s = 1/t — l G 
(0, 1). Here we introduce a trace class operator 

oo 

H S ,X U = ^2(~ S ) k E ( n ' n «)^*^( +A)«a 
k=0 \a\=k 

for u£H$. Let /C Si x(^ -Z) be the integral kernel of H s ^ x , that is, 

oo 

K s x (Y,Z) = £ f b( . +x) u a (Y)u a (Z). 

k=0 \a\=k 

It is easy to see that K S>X (Y, y)GL 1 (C n ; e' 2 ^/ 11 L(dY)) since 

oo „ 

E s * E / IW)^^)!!^ 7 )! 6 " 2 *^ 7 ^^) 

— — /(Tri 

fe=0 |a|=/c ^ 
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Then, the Lebesgue convergence theorem and (jllh impliy that 



t~ n [ ^t(s) k f bi . +x) u a (Y)u a (Y)e- 2 ^/ h L(dY) 

/(Pn — — 
J<L k=0 \a\=k 

M -fa / c „ (^) V^iv* K * + mm 

converges as TV — > oo. Thus we have (J7|) for t £ (1/2, 1) since the right hand 
side of (fT2|) converges to h(X). □ 

Next we prove Theorem [I]- (hi). Boulkhemair proved in [3] that @ is 
equivalent to 

(13) sup \<?- l [&[b]r x x]{X)\ G L 1 ^) 

Aec™ 

with some % G ^(C n ) satisfying J* cn x(X)L(d2T) / 0, where is the 

usual inverse Fourier transform on C n . 

Proof of Theorem^im) . We compute the condition (fl3j) . We choose J?"[x](X) 
(^ ie -4|i?x| /ft -^^i^ j s the heat kernel at the time t = 1/2, and expect a com- 
prehensive expression coming from the parallelogram law. Let X* £ C n be 
the dual variable under the Fourier transform. We choose a constant C\ > 
so that x(X*) = e~ h \ R x *\ Z 16 . Set xa = T \X f° r short. The parallelogram 
law implies that 

= e -h\ t RT 1 \\ 3 /8-h\ t R- 1 (X*-\)\*/B 
Taking the inverse Fourier transformation of the above, we deduce 

=e -ft| t i?- 1 A| 2 /8^* f e iRc{X-Y,\)-2\R(X-Y)\ 2 /h b( Y^ L , dY ^ 
1 1" JC" 

=e iR e <X,A)-h| t iJ-iA| 2 /8( 6 -A^ ) ^ x ^ 

Hence, we obtain 

sup i^mhMx^m = e -^- iA i 2 /8||^) 1 n LOO(c „ ) . 

xec n 

This completes the proof. □ 

3. Deformation estimates for compositions 

Finally, we prove Theorem El We hrst review the composition of pseudo- 
differential operators on H§. Let a be a canonical symplectic form on C 2n , 
that is, 



a = dEAdX = £ dEjAdXj 

3=1 



-2ia(Y,e(Y);Z,6(Z))/h 
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at (X, S) S C n x C n . Split a - into real and imaginary parts, and denote 
a = <tr + io"/- K 2n and A$ are /-Lagrangian and R-symplectic. Indeed, this 
is obvious for R 2n , and a direct computation shows that (Ti\a& = an d 

-A <9 2 <I> - 2 <9$ 

^lA,=»VJ «,A« t for « = -^W, 

J,fc = l J 

which is nondegenerate. We use this fact as K^a = <7r on lR 2n . 
Let a 1 , i/€£\y(A$). It is well-known that 

Op^(a' o kt) ° Op^(6' o kt) = Op ft (a' o KT#b' o kj>), 
a' o KT #b' o KT (x, C) = — / e-^^'O/' 1 

(27Thy n J R 4n 

x a o kt(x + y, £ + 77)6 o + z, £ + QdydrjdzdQ. 

Set = -2i$^(X) for A" € C n . Using the exact Egorov theorem © 

together with the symplectic transform kt or a direct computation, we have 

OpJV) o Opf (!>') = Opf(a'#b'), 

a w,^))=(^)7 c ^- 

x a'{X + Y, 0(X + Y))b'(X + Z, 6>(X + Z))L(dY)L(dZ). 

Here we begin the proof of Theorem [2 Suppose that d x d x a,d x d x b € 
S\v(C n ) for any multi-indices satisfying \a + /3\ ^ 3. Set at = e thA a, b t = 
e thA b, 

a' 1/2 (X, 0) = a 1/2 (x, l -(^r l (e - -^xxX) , 

b' 1/2 (x,9) = b 1/2 (x, 1 -^)- 1 (e - 2 -^" xx xy^ . 

Then, we have f a of b = Op^(a' 1/2 #6' 1/2 ). Since a' 1/2 ( X, 6{X)) = a 1/2 (X,X), 
if we write at{X) = at(X,X) and bt(X) = bt(X,X) simply, then T a o ZJ, = 
OpJf(ai /2 #6i /2 ), and 

x a t (A + y)6 t (A + Z)L{dY)L{dZ). 
To complete the proof of Theorem we have only to show that 

(14) a 1/2 #b 1/2 ^e hA / 2 (ab)-^e h ^ 2 Q(a,b) mod h 2 S w (C n ). 

Here we remark that 
-2ia(Y,9(Y);Z,9(Z)) = MY,$' XX Z) - MZ,$' XX Y) = 8ilm(Y,$ xx Z), 

y -2ia(Y,e(Y);Z,9(Z))/h _ K „ s-l_9_ -2ia{Y,Q{Y);Z,0(Z))/h 
y -2icr(Y,0(Y);Z,6(Z))/h _ KxJl _ \- 1 _^_ p -2ia(Y,9(Y);Z,d(Z))/h 

Ye ~ 4 l xx) dz e 
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From Taylor's formula and the integration by parts we derive 

a t #b t (X) = a t b t (X) - ^Q(a t ,b t )(X) + ^Q(b t ,a t )(X) + h 2 r t (X;h), 

where {r t (X; h)} he{0>1] is bounded in ^°°(C n ) for fixed t > 0. 
We approximate the main term of a t #b t which is 

q = a t b t - jQ(a t , b t ) + ^Q(b t , a t ), 

by constructing an approximate solution to the initial value problem for the 
heat equation satisfied by c t . In other words, we construct an asymptotic 
solution to the transport equation whose main term is given by the heat 
operator dt — hA. It is easy to see that 

d a x d\a u d\d\b t € C([0,oo);Sw(C n )) 
for \a + (3\ < 3. Set p t = e thA {ab) + hpf ] and 

= -±e thA Q(a,b) + ±e thA Q(b,a) 



\ j % e^ hA {Q(a s , b s ) + Q(b s , a s )}ds 



Then, q and pt solve 



^ - hA^j c t = -^{Q(a t , b t ) + Q(b t , a t )} + ^-Qi(a t , b t ) 
co = ab- ^Q(a, b) + jQ(b, a), 

\ h 

— - hAj Pt = --{Q(a t , b t ) + Q(b t , a t )}, 
p = ab- jQ(a, b) + ^Q(6, a), 



respectively. Hence, 



J o 



ct — Pt = y / '''^'^CM^.^V.s G /rf([(). x ):,% (C")). 



We show that the main part of the second term in p±^ is —te thA {Q(a, b) + 
Q(b,a)}/2, that is, 

f e^ hA {Q(a s , b 8 ) + Q(b„ a s )}ds = te thA {Q(a, b) + Q(b, a)} + 
J o 

For this purpose, we estimate 

/* e (*- s ) /lA g(a s , - te thA Q(a, b) = f \e^ hA Q(a s , b s ) - Q(a s , b s )}ds 
Jo Jo 

+ / {Q(a s ,b s ) - Q(a t ,b t )}ds 
Jo 

+ t{Q(a t ,b t )-e thA Q(a,b)} 
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= F t + G t + tH t . 

We here remark that the heat kernel e thA is an even function in the 
space variable. Combining this fact and Taylor's formula, we can obtain the 
desired estimates of Ft and Gt- This technique has been frequently used for 
approximating symbols. Changing the variables in the explicit formula of 
the heat kernel, we have 

Ft{x)= f c * ds f e -2\RY\y(ts )h 

x {Q(a s , b s )(X + Y) - Q(a„ b s )(X)}L(dy) 
= C* f ds [ e- 2 \ RY \ 2 



(15) x {Q(a s , b s )(X + y/(t - s)hY) - Q(a s , b s )(X)}L{dy). 

Substituting Taylor's formula 

Q{a s , b s )(X + Y)= Q(a s , b,)(X) + (Y, d x Q(a s , b s )(X)) 

+ (Y, dxQ(a s , b s )(X)) + Q 2 (a s , b s )(X, Y), 

\a+/3\=2 ' JU V 7 

into (|15|). we have 

F t {X) = C^ I ds I e- 2 ^ 2 Q 2 (a s , b s )(X, ^(t - s)hY)L(dY), 
Jo Jc™ 

which belongs to hC{ [0, oo); S w (C n )). 
We split Gt into two parts 

Gt= {Q{a s ,b s ) - Q(a t ,b t )}ds = / {Q(a s - a t ,b s ) + Q(a t ,b s - b t )}ds. 
Jo Jo 

Since 

a s (X) - a t (X) = C$ / e" 2|fiy|2 {a(X + VshY) - a(X + VthY)}L(dY) 
Jc n 

= C* / e" 2|ijy|2 a(X, (V« - v^Vto^dy), 

a(X,Y) = V — — / (1-t) ( ' " A (X + rY)dT, 

we can show that G t ehC([0, oo); S w (C n )). 
It follows that H t £hC([0,oo);S w (C n )) since 

5 



(j/ hAj H t G /iC([0, oo); 5 w (C n )), F = 0. 
Combining the estimates of Ft, Gt and Ht, we have 
(16) / e (t - s ^ hA Q(a s , b s )ds - te thA Q{a, b) G frCQO, oo); <S w (C n )). 
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Applying (fTo]) to p\ , we obtain 

Ct = e ^(ab) - \ Q + t\ e thA Q(a, b) + \ Q - tj e thA Q(b, a) + 0(h 2 ). 

If we take t = 1/2, we obtain (|14p . This completes the proof of Theorem El 
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